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Abstract: We construct Type IIB supergravity solutions with geometry AdS6 × S2
warped over a disc with two boundary points where 5-branes emerge and punctures
with 7-brane monodromy. They describe (p, q) 5-brane junctions with two groups of
like-charged external 5-branes that are unconstrained by the s-rule and an additional
group of constrained 5-branes. The dual 5d SCFTs include various theories discussed
previously in the literature. We match SCFT operators with scaling dimension of O(N)
with their representation in supergravity to support the proposed dualities.
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1 Introduction and summary
Interacting five-dimensional superconformal field theories (SCFTs) do not have a con-
ventional Lagrangian description, but they can be engineered in string and M-theory,
and they often admit relevant deformations that flow to Lagrangian gauge theories
in the infrared [1–7]. A particularly versatile approach to constructing 5d SCFTs is
via (p, q) 5-brane webs in Type IIB string theory [8–10], and the constructions can
be further generalized by including 7-branes [11]. General brane webs engineer mass
deformations of the 5d SCFTs, while the conformal limits are described by junctions
of 5-branes at a point.
In the absence of a Lagrangian description for the 5d SCFTs, AdS/CFT dualities
can be particularly useful for gaining insight into these theories. A large class of Type
IIB supergravity solutions describing the near-horizon limit of (p, q) 5-brane junctions
has been constructed in [12–14],1 and provides the stepping stone for AdS/CFT analyses
1Previous analyses of the BPS equations can be found in [15–17]. T-duals of a Type IIA solution
[18], which has been studied extensively [19–26], have been discussed in [27, 28].
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of the 5d SCFTs engineered in Type IIB string theory. The geometry takes the form
AdS6 × S2 warped over a disc Σ. The boundary of Σ, at which the S2 collapses to
smoothly close off the ten-dimensional geometry, contains isolated points at which the
5-branes of the associated 5-brane junction emerge. Various aspects of these solutions
have been studied since [29–33], and detailed comparisons to field theory results support
the identification of these solutions as holographic duals for 5d SCFTs engineered by
(p, q) 5-brane junctions [34, 35].
The solutions have been extended to include punctures on Σ with commuting 7-
brane monodromies in [36].2 These solutions with monodromy correspond to 5-brane
junctions where, within one group of like-charged 5-branes, multiple 5-branes terminate
on the same 7-brane [34, 37], and are thus constrained by the s-rule [38]. The 5d
SCFTs engineered by such constrained junctions are related to those engineered by
unconstrained junctions through RG flows along the Higgs branch. When considering
mass deformations of the SCFT, such that the 5-brane junction becomes a 5-brane web
with open faces, the 7-branes on which multiple 5-branes end may each be moved into
the web. Attached 5-branes are successively removed through the (inverse) Hanany-
Witten effect in the process, and the 7-branes may be moved to a face where they have
no 5-branes attached. The conformal limit of this form of the brane web is described
by the supergravity solutions with monodromy. The locations of the 7-branes inside
the brane web are encoded in the positions of the punctures on Σ.3
Solutions without monodromy have at least three points on the boundary of Σ
where groups of like-charged external (p, q) 5-branes emerge, corresponding to the fact
that three groups of 5-branes are needed to create an intersection point and thus a
5d SCFT. The aforementioned understanding of solutions with monodromy suggests
that solutions with punctures should exist with only two boundary points where groups
of unconstrained external 5-branes emerge, while an additional group of constrained
5-branes is realized by punctures. In this note we construct such solutions, following
the strategy of [36] but relaxing one of the regularity assumptions. These solutions are
minimal in the sense that the number of groups of external 5-branes can not be smaller
for this class of solutions with only commuting monodromies.
The dual field theories include a variety of theories that have been discussed previ-
ously in the literature. In particular, a class of 5d TN theories [38], which reduce to 4d
TN theories upon compactification. The types of punctures characterizing the 4d TN
theories are encoded in the 5d version in the combinatorics of how the external 5-branes
2More precisely, if multiple punctures are present the SL(2,R) matrices describing the monodromies
are required to commute.
3The T-duals of the Type IIA solution can be understood to arise from solutions with 7-branes
upon smearing the 5- and 7-branes [39].
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terminate on 7-branes. Holographic duals for the 5d TN theories corresponding to three
maximal partitions have been discussed in [34]. With the solutions constructed here
this can be generalized to 5d TN theories with two maximal and one arbitrary partition.
This includes the R0,N theories of [40, 41] and the χ
k
N theories of [41], and in particular
large-N generalizations of the E7 theory.
For two subclasses of two-pole solutions we discuss in detail the associated 5-brane
junctions and dual 5d SCFTs. The first is a subclass of the TN theories, which includes
the R0,N and χ
k
N theories and the E7 theory, and the second one is a constrained
version of the D5/NS5 intersection discussed initially in [10], which includes the S5
theory of [34] as well as the E6 and E7 theories. We discuss relevant deformations of the
SCFTs that flow to quiver gauge theories, in which we identify “stringy” operators with
scaling dimensions ofO(N) in the large-N limit and determine their scaling dimensions.
This data can be compared to results obtained from the proposed dual supergravity
solutions, where the stringy operators are realized as strings. We show that the two
approaches agree, to support the proposed dualities.
The paper is organized as follows. In sec. 2 we review the Type IIB AdS6 solutions.
In sec. 3 we construct solutions with two boundary points where 5-branes emerge and
an arbitrary number of punctures with commuting monodromies. In sec. 4 we discuss
the dual field theories for two subclasses of solutions and match supergravity results to
field theory.
2 Warped AdS6 solutions with 7-branes
The geometry in the solutions of [12–14, 36] is a warped product of AdS6 × S2 over a
Riemann surface Σ, with metric and complex two-form given by
ds2 = f 26 ds
2
AdS6
+ f 22 ds
2
S2 + 4ρ
2dwdw¯ , C(2) = C volS2 , (2.1)
where w is a complex coordinate on Σ and volS2 the canonical volume form on a unit-
radius S2. The general solution to the BPS equations is parametrized by two locally
holomorphic functions A± on Σ. The metric functions are
f 26 =
√
6GT , f 22 =
1
9
√
6G T−32 , ρ2 = κ
2
√
6GT
1
2 , (2.2)
where
κ2 = −|∂wA+|2 + |∂wA−|2 , ∂wB = A+∂wA− −A−∂wA+ , (2.3)
G = |A+|2 − |A−|2 + B + B¯ , T 2 =
(
1 +R
1−R
)2
= 1 +
2|∂wG|2
3κ2 G . (2.4)
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The function C and the axion-dilaton scalar B = (1 + iτ)/(1− iτ) are given by
C = 2i
3
(
∂w¯G∂wA+ + ∂wG∂w¯A¯−
3κ2T 2
− A¯− −A+
)
, (2.5)
B =
∂wA+ ∂w¯G −R∂w¯A¯−∂wG
R∂w¯A¯+∂wG − ∂wA−∂w¯G . (2.6)
Physically regular solutions without monodromy were constructed in [13, 14] for
the case where Σ is a disc or equivalently the upper half plane. On the upper half plane
the locally holomorphic functions are
As± = A0± +
L∑
`=1
Z`± ln(w − r`) , (2.7)
with a superscript s indicating that they are single-valued in the interior of Σ and
A0+ = −A0−. The differentials ∂wAs± have poles at isolated points r` on the real line,
and non-degenerate solutions need L ≥ 3. The residues Z`± are given in terms of L− 2
complex parameters sn in Σ and a complex normalization σ by
Z`+ = σ
L−2∏
n=1
(r` − sn)
L∏
k 6=`
1
r` − rk , Z
`
− = −Z`+ . (2.8)
There are additional regularity conditions whose precise form will not be needed here.
Physically regular solutions with monodromy were constructed in [36]. We will,
without loss of generality, restrict the discussion to the case of D7-brane monodromy.
The additional parameters are the locations of the punctures, wi, the orientation of the
associated branch cuts, parametrized by complex phases γi with |γi| = 1, and relative
weights ni. With
f(w) =
I∑
i=1
n2i
4pi
ln
(
γi
w − wi
w − w¯i
)
, (2.9)
the locally holomorphic functions for a solution with D7-brane monodromy are
A± = As± +
∫ w
∞
dz f(z)
L∑
`=1
Y `
z − r` , Y
` = Z`+ − Z`− , (2.10)
where the integration contour is chosen such that it does not cross any branch cuts.
The residues of ∂wA± at the poles r` are
Y`± ≡ Z`± + f(r`)Y ` . (2.11)
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The remaining regularity conditions constraining the parameters are
0 = 2A0+ − 2A0− +
L∑
`=1
Y ` ln |wi − r`|2 , i = 1, · · · , I , (2.12a)
0 = 2A0+Yk− − 2A0−Yk+ +
∑
6`=k
Z [`,k] ln |r` − rk|2 + Y kJk , k = 1, · · · , L , (2.12b)
where Z [`,k] ≡ Z`+Zk−−Zk+Z`−. With Sk ⊂ {1, · · · , I} the set of branch points for which
the associated branch cut intersects the real line in the interval (rk,∞), Jk is given by
Jk =
L∑
`=1
Y `
[∫ rk
∞
dxf ′(x) ln |x− r`|2 +
∑
i∈Sk
in2i
2
ln |wi − r`|2
]
, (2.13)
where the integral over x is along the real line. At the poles r`, (p`, q`) 5-branes emerge,
with charges given in terms of Y`+ by [34]
Y`+ =
3
4
α′ (q` + ip`) , (2.14)
where a D5 brane has charge (±1, 0) and an NS5 brane (0,±1).
3 Minimal solutions with commuting 7-branes
In this section we construct 2-pole solutions with punctures and SL(2,R) monodromy,
and explicitly solve all regularity conditions.
3.1 Regularity conditions
The construction of solutions with monodromy, as summarized in sec. 2, starts out from
solutions without monodromy. The conditions in (2.12) are sufficient to guarantee the
regularity conditions κ2,G > 0 in the interior of Σ and κ2 = G = 0 on ∂Σ. This
was shown in [36] using that As± in (2.10) correspond to regular solutions without
monodromy. In particular, κ2 for solutions with monodromy can be expressed as
κ2 = κ2s − (f + f¯)
∣∣∂wAs+ − ∂wAs−∣∣2 , κ2s = −|∂wAs+|2 + |∂wAs−|2 . (3.1)
If κ2s is positive in the interior of Σ and zero on the boundary, which requires L ≥ 3
poles in ∂wAs±, the properties of f guarantee that the same is true for κ2, thus satsifying
the regularity conditions.
However, while positivity of κ2s in the interior of Σ and its vanishing on the boundary
are sufficient to guarantee regularity of κ2, they are not both necessary: One may allow
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for κ2s to vanish identically. The properties of f still guarantee that κ
2 = 0 on ∂Σ. If
∂wAs+ − ∂wAs− is non-zero throughout Σ, κ2 is also positive in the interior of Σ. This
permits the construction of 2-pole solutions. The discussion of the remaining regularity
conditions proceeds analogously to the case with three or more poles, and leads to the
conditions (2.12) with L = 2.
3.2 SL(2,R) automorphisms of H
The explicit expressions in the constructions to follow can be simplified by a convenient
choice of coordinate on Σ. The SL(2,R) automorphisms of the upper half plane act as
w 7→ aw + b
cw + d
, ad− bc = 1 . (3.2)
They can be used to fix the position of both poles, and we choose them symmetric with
respect to reflection across the imaginary axis as
r1 = 1 , r2 = −1 . (3.3)
This leaves a family of residual SL(2,R) transformations. Namely, those with c = b,
d = a and a2 = 1 + b2. They can be used to map an arbitrary point in the interior of
the upper half plane to the imaginary axis.
3.3 Ansatz
Since the residues as given in (2.8) sum to zero by construction, for L = 2 we have
Z± ≡ Z1± = −Z2± , Z+ = −Z¯− . (3.4)
The differentials ∂wAs± are given by
∂wAs± =
2Z±
w2 − 1 . (3.5)
This leads to identically vanishing κ2s and a solution without monodromy would be
degenerate. For solutions with non-trivial monodromy, however, κ2 as given in (3.1) is
positive in the interior of Σ, provided that
Z+ 6= Z− . (3.6)
With the poles as in (3.3), the locally holomorphic functions (2.10) take the form
A± = A0± + Z± ln
w − 1
w + 1
+ 2(Z+ − Z−)
∫ w
∞
dz
f(z)
z2 − 1 , (3.7)
with f given in (2.9). We use the residual SL(2,R) transformations discussed in sec. 3.2
to fix, without loss of generality, one puncture to lie on the imaginary axis,
w1 = iα1 , α1 ∈ R+ . (3.8)
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3.4 Solving the regularity conditions
The remaining regularity conditions are given in (2.12). The first set of conditions,
(2.12a), for L = 2 and the choice of poles in (3.3) becomes
0 = 2A0+ − 2A0− + (Z+ − Z−) ln
∣∣∣∣wi − 1wi + 1
∣∣∣∣2 , i = 1, . . . , I . (3.9)
With w1 fixed as in (3.8), the I = 1 condition implies A0+ = A0−. In view of A0+ = −A0−,
the constant A0+ therefore has to be purely imaginary. The remaining conditions in
(3.9) reduce to
0 = ln
∣∣∣∣wi − 1wi + 1
∣∣∣∣2 , i = 2, . . . , I . (3.10)
This implies that all punctures have to be on the imaginary axis. They may be
parametrized more conveniently as
wi = iαi , αi ∈ R+ . (3.11)
It remains to solve the second set of conditions, (2.12b). Due to (3.4), Z [1,2] = 0. Using
that A0+ = A0−, the definition of Y`±, and that Y k 6= 0 due to (3.6), the conditions
reduce to
A0+ =
1
2
J1 , J1 = J2 . (3.12)
Since the Jk are imaginary by construction, the first condition simply fixes A0+. The
second term in the definition of Jk in (2.13) vanishes for L = 2. Explicit evaluation,
using (3.11), yields
Jk = (Z+ − Z−)
∫ rk
∞
dxf ′(x) ln
∣∣∣∣x− 1x+ 1
∣∣∣∣2 . (3.13)
The integrand is odd under x→ −x, which is sufficient to show that J1− J2 = 0, such
that the second condition in (3.12) is satisfied.
3.5 Summary and parameter count
In summary, for an arbitrary choice of αi ∈ R+, ni ∈ R and γi with |γi| = 1, for
i = 1, .., I, as well as a complex Z+ with non-vanishing real part, there is a regular
2-pole solution. The locally holomorphic functions are
A± = A0± + Z± ln
w − 1
w + 1
+ 2Y
∫ w
∞
dz
f(z)
z2 − 1 , Y ≡ Z+ − Z− , (3.14)
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with Z− = −Z¯+ and
f(w) =
I∑
i=1
n2i
4pi
ln
(
γi
w − iαi
w + iαi
)
, A0± = Y
∫ 1
∞
dxf ′(x) ln
∣∣∣∣x− 1x+ 1
∣∣∣∣ . (3.15)
The residues at the poles, which translate to the charges of the external 5-branes, are
Y1+ = Z+ + Y f(1) , Y2+ = −Z+ − Y f(−1) . (3.16)
The requirement for Z+ to have non-vanishing real part corresponds to the fact that a
brane configuration with only D5 and D7 branes does not realize a 5d theory.
For the construction we have assumed punctures with D7-brane monodromy. That
is, the SL(2,R) monodromy around the punctures at wi = iαi is given by
M[ni,0] =
(
1 n2i
0 1
)
. (3.17)
A solution with generic but commuting SL(2,R) monodromies can be obtained by an
SL(2,R) ∼= SU(1, 1) transformation parametrized by u, v ∈ C with |u|2 − |v|2 = 1 [36]
A+ → uA+ − vA− , A− → −v¯A+ + u¯A− . (3.18)
An appropriate choice of transformation is
u =
1 + η+η−
2η−
, v =
1− η+η−
2η−
, η± = p∓ iq . (3.19)
This introduces another independent parameter for the general solution, which is the
ratio of p and q. The SL(2,R) automorphisms of the upper half plane are entirely fixed
by the choices of poles in (3.3) and of the first puncture in (3.8). We thus recover a
total of 3 + 3I parameters for a solution with I punctures.
4 5-brane junctions and 5d SCFTs
We discuss two classes of 5d SCFTs. The holographic duals for the first class are
generically three-pole solutions which reduce to two-pole solutions for particular choices
of the parameters. The holographic duals for the second class are generically two-pole
solutions. We discuss field theory operators which can be identified in the holographic
duals and show that their properties match in the two descriptions.
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Y1 = [2, 2]
Y2 = [1
4]
Y3 = [1
4]
(a)
Y1 = [3, 1
2]
Y2 = [1
5]
Y3 = [1
5]
(b)
Figure 1. On the left the TN,K,j junction with N = 4, K = j = 2, which realizes the E7
theory. On the right hand side for N = 5, j = 1, K = 3.
4.1 The TN,K,j theory
The 5d TN theories are realized by triple junctions of N D5, N NS5 and N (1, 1) 5-
branes [38]. They are characterized by the way in which the external 5-branes of the
junction are partitioned into groups terminating on the same 7-brane. We discuss the
case of unconstrained NS5 and (1, 1) 5-branes, but with j groups of K > 1 D5 branes
each terminating on one D7-brane, leaving N − jK unconstrained D5 branes (fig. 1).
In the notation of [42, 43] for the partitions, this corresponds to
Y1 = [K
j, 1N−Kj] , Y2 = Y3 = [1N ] . (4.1)
For N = 4 and j = K = 2 this is the E7 theory [38]. For j = 0 or K = 1 the TN,K,j
theories reduce to the unconstrained TN theories, for which the supergravity duals were
discussed in [34]. The R0,N theories of [40, 41] correspond to K = N−2, j = 1, and the
χkN theories of [41] are contained as χ
k
N = TN,N−k−1,1. The TN,K,j theories are obtained
from the unconstrained TN theories by RG flows along the Higgs branch, and the global
symmetry is reduced from SU(N)3 to
SU(N − jK)× SU(j)× SU(N)2 × U(1) . (4.2)
Gauge theory deformations of these theories can be read off from the mass defor-
mation shown in fig. 2, where those D7-branes which have multiple D5-branes attached
were moved to a position where they have no D5-branes attached. For N > jK the
quiver gauge theory is
[N − jK] y1− (N − jK + j − 1) x1− · · ·
xK−1− (N −K) xK− · · ·
xN−3− (2) y3− [2]
| y2 (4.3)
[j]
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N −K (−1,−1)
N −K (0, 1)K (0, 1)
N − jK (0, 1)
K (j − 1,−1)
T j
Figure 2. Brane web obtained from the TN,K,j junction by mass deformation and 7-brane
moves, with the fundamental string expected to realize the meson operator shown in blue.
The 5-brane numbers and charges are indicated in all-ingoing convention.
where (N) denotes an SU(N) gauge node and [M ] denotes M hypermultiplets in the
fundamental representation of the gauge group node they are attached to. Between
the links labeled by x1 and xK−1 are K − 2 gauge nodes, with the gauge group rank
increasing in steps of j−1. For j = 1 this just gives a total ofK SU(N−K) gauge nodes.
Between the links labeled by xK and xN−3 the gauge group rank decreases in steps of
one. Associated with each link between gauge group nodes is a hypermultiplet in the
bifundamental representation. We denote by (xi, x˜i) the scalars in the bifundamental
hypermultiplets, and by (yi, y˜i) the scalars in the fundamental hypermultiplets.
There is a meson operator connecting the [N − jK] fundamentals on the left end
of the quiver to the j fundamental hypermultiplets at the gauge SU(N −K) node,
Oα = (y1 · x1 · · ·xK−1 · y2)β˜α , (4.4)
where α is an SU(N −K) index and β˜ an SU(j) index. The scaling dimension is
∆(Oα) = 3
2
(K + 1) . (4.5)
This operator is in the (N− jK, j¯) representation of the SU(N − jK) × SU(j) part
of the global symmetry. In the 5-brane junction it is realized by a fundamental string
connecting D7-branes and D5-branes as shown in fig. 2. There are further meson
operators in the field theory which correspond to string junctions.
For jK = N there are no unconstrained D5-branes. For j = 2 and N = 2K,
the configuration in fig. 2 is a gluing of two unconstrained TK theories, gauging their
SU(K) flavor symmetries. In the gauge theory deformation the D7 branes add flavor
– 10 –
(a)
T
(b)
Figure 3. 5-brane webs for the TN,K,j theory with N = 4, K = 2, j = 1. On the left hand
side as a constrained triple junction, on the right hand side with the 7-branes inside the web.
to the gauged SU(K) node, and the quiver gauge theory is
[2]− (2)− (3)− · · · − (K − 1)− (K)− (K − 1)− · · · − (3)− (2)− [2]
| (4.6)
[2]
For N = 4, K = j = 2, this is SU(2) with six flavors, realizing the E7 theory. For
j > 2 and N = jK the gauge theory deformation is
(j − 1)− (2(j − 1))− · · · − (N −K)− (N −K − 1)− · · · − (2)− [2]
| (4.7)
[2]
The meson operators in these theories correspond to string junctions.
4.2 The TN,K,j solution
Supergravity duals for the TN,K,j theories can be realized by considering the brane web
for a general mass deformation of the SCFT and moving the D7 branes with multiple
D5-branes ending on them into the web, as shown in fig. 3. The supergravity solution
corresponding to the conformal limit of the resulting brane web then takes the form
shown in fig. 4, with three poles on the boundary of Σ, corresponding to unconstrained
D5, NS5 and (1, 1) 5-branes, as well as a puncture with D7-brane monodromy. For
N = jK, the D5-brane charge at the pole vanishes and the solution reduces to a
two-pole solution.
For the explicit realization Σ is taken as the upper half plane and the general ansatz
has three poles. The SL(2,R) automorphisms can be used to fix
r1 = 1 , r2 = 0 , r3 = −1 . (4.8)
– 11 –
N − jK D5
Σ
N NS5
N (1, 1)
D7
T j
Figure 4. Disc representation of the supergravity solution corresponding to the TN,K,j
junction after moving the constrained groups of 5-branes into the web.
This exhausts the freedom to make SL(2,R) transformations and the punctures can
not from the outset be fixed to the imaginary axis. The residues corresponding via
(2.14) to the 5-brane charges in fig. 4 are
Y1+ =
3
4
α′N , Y2+ =
3
4
α′i(N − jK) , Y3+ = −
3
4
α′(1 + i)N . (4.9)
For jK = N the residue at r2 vanishes and the solution reduces to a two-pole solution.
The appropriate monodromy for the puncture is realized by fixing in (2.9)
I = 1 , n21 = j , γ1 = 1 . (4.10)
All relevant brane charges, N , K and j, are manifest in the supergravity solution. The
parameters realizing the residues (4.9), via (2.8) and (2.11), and solving the regularity
conditions (2.12) are
σ =
3
4
α′(2 + i)N , s1 =
Y2+
σ
, w1 = i tan
piK
2N
, (4.11)
with A+0 = 12J1 + Y2+ ln 2. As jK approaches N from below, the zero s1 (s¯1) of ∂wA+
(∂wA−) approaches the pole at r2, annihilating it for N = jK, such that the configu-
ration reduces to a two-pole solution. The puncture is fixed to the imaginary axis by
the regularity conditions, and the branch cut intersects the pole at r2. As discussed in
[37] this does not affect the regularity conditions for poles with imaginary residue.
4.2.1 String embedding
Holographically, the meson operator (4.4) is realized as a string embedded into the
solution. The equation of motion for (p, q) strings embedded along the time coordinate
of global AdS6 and a one-dimensional curve in Σ, as well as the expressions for the
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scaling dimension and R-charge of the dual operator, were derived in sec. 4.1 of [34].
The equation of motion for the embedding function w(ξ) reads
0 =
w¯′′
w¯′
− w
′′
w′
+ (w¯′∂w¯ − w′∂w) ln
(
f 26ρ
2qTMq) , (4.12)
where qTMq = e2φ(p− qχ)2 + e−2φq2. Scaling dimension and charge are given by
∆(p,q) = −2T
∫
Σ(p,q)
dξf6ρ|w′|
√
qTMq , (4.13)
Q(p,q) = T
∫
Σ(p,q)
(pRe(dC)− q Im(dC)) . (4.14)
For the three-pole solutions corresponding to the TN,K,j junctions, we expect to
find a fundamental string connecting one of the j D7-branes on which K constrained
5-branes end to one of the unconstrained D5-branes (fig. 2). This string naturally trans-
forms in the (N− jK, j¯) representation of the SU(N − jK)×SU(j) part of the global
symmetry (4.2). We indeed find a fundamental string embedded into the solution, con-
necting the D7-brane puncture and the D5-brane pole along the imaginary axis in the
upper half plane. This embedding lies on the branch cut, but the terms in the equation
of motion and the integrands in (4.13), (4.14) are single-valued for (p, q) = (1, 0). The
embedding solves the equation of motion and yields
∆F1 =
3
2
K , QF1 =
1
2
K . (4.15)
The scaling dimension is related to the charge by the expected BPS relation and both
agree with the field theory result (4.5) at large K.
4.3 The +N,M,k,j theory
The second class of 5d SCFTs is realized by quartic junctions, constructed from two
groups of M unconstrained NS5 branes and two groups of N D5-branes. One group
of N D5-branes is partitioned into k > N/M subgroups of N/k that end on the same
D7-brane, the other group of N D5-branes is partitioned into j > N/M subgroups
of N/j that end on the same D7-brane, fig. 5(a). The +N,M,k,j and +N,M,j,k theories
are related by a parity transformation. For k = j = N the +N,M,k,j junctions include
the unconstrained D5/NS5 intersection discussed initially in [10], and for j = N they
include the +N,M,k theories of [34]. The global symmetry of the +N,M,k,j SCFT is
SU(M)2 × SU(k)× SU(j)× U(1) . (4.16)
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kj
M
M
(a)
M − N
j
− N
k
M − N
j
− N
k
N
j
(0, 1) N
k
(0, 1)
N
k
(−k,−1)Nj (j,−1)
TkT j
(b)
Figure 5. The +N,M,k,j theory with N = 6, M = 5, j = 3 and k = 2 in 5(a), along with
a D1 (red vertical curve) and an F1 string (blue horizontal curve) representing the stringy
operators. Fig. 5(b) shows a mass deformation for M ≥ Nj + Nk .
We expect stringy operators in the (1,1,k, j¯) and (M, M¯,1,1) representations of this
group, realized as F1 and D1 strings as shown in fig. 5(a).
For k = 1 (or j = 1), the +N,M,k,j junction is equivalent to a TN theory. This can
be seen for k = 1 by moving the single D7-brane on the right hand side in fig. 5(a) all
the way to the left. The attached N D5 branes are converted to M − N D5-branes
by Hanany-Witten transitions, and the M NS5-branes pointing upwards are converted
to (1, 1) 5-branes. The result is a junction of M unconstrained NS5 branes with M
unconstrained (1, 1) 5-branes and M D5-branes partitioned into groups ending on the
same D7-brane as Y1 = [(N/j)
j,M − N ]. In particular, the +2,4,1,1 junction gives an
alternative realization of the E7 theory and the +2,3,1,2 junction gives an alternative
realization of the E6 theory. Moreover, for M = 5 and k = j = 1 with either N = 2 or
N = 3 the +N,M,k,j junction realizes the S5 theory of [41].
For j = k, moving the k D7-branes on the right all the way to the left and the
j D7-branes on the left all the way to the right leads to another intersection of the
+N,M,k,j form. We find the equivalence +N,M,k,k = +kM−N,M,k,k. In particular, for
j = k = N/(M − 1) the +N,M,k,j junctions are equivalent to unconstrained junctions.
The +N,N+1,1,1 junctions are equivalent to +1,N+1,1,1 junctions, which have an S-dual
description as (N + 1)2 free hypermultiplets.
For the discussion of more general gauge theory deformations we restrict the pa-
rameters to M ≥ N
k
+ N
j
(in addition to k, j > N/M). The case of smaller M can
be treated analogously. The gauge theory can be read off after mass deforming and
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moving the D7-branes as in fig. 5(b). The quiver gauge theory is given by
(j)
x1− (2j) x2− · · ·
xN
j −1− (N)
xN
j− (N)M−Nk −Nj −1
x
M−N
k
−1
− (N)
x
M−N
k− · · ·
xM−3− (2k)
xM−2− (k)
| y1 | y2 (4.17)
[j] [k]
For M = N
k
+ N
j
there is one SU(N) gauge node in the center with [k + j] flavors. For
k = 1 the would-be (1) on the right end is replaced by two fundamental hypermultiplets,
[2], and likewise on the left end for j = 1.
The SU(k) × SU(j) part of the SCFT global symmetry is manifest in the gauge
theory as flavor symmetry. The stringy operators in the gauge theory include the
mesons
Oβ˜α = (y1 · xN/j · · ·xM−1−N/k · y2)β˜α , (4.18)
where α is an SU(j) index and β˜ an SU(k) index. This operator is in the (k, j¯)
representation of SU(k)× SU(j) and the scaling dimension is
∆(Oβ˜α) =
3
2
(
M + 2− N
j
− N
k
)
. (4.19)
Moreover, there are SU(k)× SU(j) singlet operators with scaling dimension 3/2N ,
O = det(xi) , i = N
j
, . . . ,M − 1− N
k
, (4.20)
where the xi are bifundamentals between SU(N) gauge nodes and we introduced the
short hand notation det(xi) = 
α1...αN β1...βN (xi)
β1
α1
. . . (xi)
βN
αN
. These are components of
the (M, M¯,1,1) SCFT operator. In the 5-brane junction the meson operator (4.18)
is expected to be realized by a fundamental string, and the operators in (4.20) by a
D1-brane, as shown in fig. 5(a).
4.4 The +N,M,k,j solution
The supergravity solution corresponding to the junction in fig. 5(a) is constructed by
moving the D7-branes into the web, as shown in fig. 6, and given by a two-pole solution
with two D7-brane punctures, as illustrated in fig. 7. Unlike for the solutions discussed
so far, the brane charges in the solution alone do not uniquely identify the associated
5-brane junction. The number of NS5-branes, M , and the numbers of D7-branes, k
and j, are manifest in the solution as residues and monodromies, but the total number
of D5-branes, N , is not. The location of the punctures, however, is expected to be
– 15 –
T kT j
M
M
(a)
T 4 T 2
(b)
Figure 6. The +N,M,k,j 5-brane junction with the 7-branes moved into the intersection on
the left hand side. On the right a gauge theory deformation with N = M = 8, j = 4, k = 2.
different for different N . We will use one of the stringy operators discussed above to
precisely identify the supergravity solution associated with a given 5-brane junction.
The two punctures in the supergravity solutions corresponding to the +N,M,k,j
theories are realized by fixing I = 2 in (2.9) and
α1 < α2 , γ1 = −γ2 = 1 , n21 = j , n22 = k . (4.21)
The branch cuts do not intersect for α1 < α2. With this choice of branch cut orienta-
tions, f(x) = −f(−x) for x ∈ R. A convenient parametrization for the locations of the
punctures is
α1 = tan θ1 , α2 = cot θ2 . (4.22)
Without loss of generality we can choose 0 < θ1, θ2 < pi/2. The residues realizing the
NS5-brane poles via (2.14) are
Y1+ = −Y2+ =
3
4
α′M . (4.23)
The first equality implies f(1) = f(−1) = 0, and these residues are realized for
kθ2 = jθ1 , Z+ =
3
4
α′M . (4.24)
This fixes one of θ1, θ2. In addition to the 5-brane junction parameters M , k, j, which
are realized directly in the supergravity solution as poles and punctures, the solution
has one real degree of freedom in θ1, θ2, which encodes N . The precise relation will be
determined next.
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ΣM NS5
M NS5
T kT j
F1
D1
Figure 7. Disc representation of the +N,M,k,j solution. The straight horizontal blue line
represents a fundamental string stretching between the D7-brane punctures, the solid red
curve represents a D1 brane stretching between the NS5-brane poles.
4.4.1 String embeddings
The string theory realization of the (1,1,k, j¯) and (M, M¯,1,1) operators as F1 and
D1 strings, respectively, as shown in fig. 5(a), leads to the supergravity representation
shown in fig. 7. The brane intersection in fig. 6(a) has a Z2 symmetry acting as reflection
across the horizontal line along which the branch cuts are oriented. In the upper half
plane with poles at r1 = −r2 = 1, this symmetry acts as reflection across the imaginary
axis. An embedding of a fundamental string along a straight line connecting the two
punctures on the imaginary axis consequently solves the equations of motion. Scaling
dimension and charge of the string are
∆F1 = 3QF1 , QF1 =
(
1
2
− θ1 + θ2
pi
)
M . (4.25)
This also satisfies the expected BPS relation. In the limit θ1, θ2 → 0, in which the
punctures approach the boundary, the scaling dimension reduces to the result for the
F1 operator in the +N,M theory [34], as expected.
The embedding of the D1 brane is less straightforward to find, but the scaling
dimension can be determined as follows. For k = j there is a second Z2 symmetry,
which on the disc as in fig. 7 acts as reflection across the vertical diameter. Embedding
the D1 along the straight line connecting the poles consequently solves the equations
of motion for j = k. Deforming the solution to k 6= j will deform the embedding, in
general to a curve as shown in fig. 7. The R-charge (4.14), however, can be determined
from the end points of the D1-brane alone. This yields
QD1 =
Mkθ2
pi
. (4.26)
The scaling dimension is then fixed by the BPS relation, to ∆D1 = 3QD1.
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Since the D1 is expected to realize the operator (4.20), with ∆ = 3/2N , this result
can be used to solve for N in terms of θ1 or θ2, which yields
N =
2Mkθ2
pi
=
2Mjθ1
pi
. (4.27)
This completes the identification of parameters in the supergravity solution with those
of the 5-brane junction. With the expression for N in (4.27), the scaling dimension of
the F1 operator in (4.25) becomes
∆ =
3
2
(
M − N
k
− N
j
)
. (4.28)
This agrees with the field theory result (4.19) at large N , M , providing a non-trivial
consistency check and confirming the interpretation of the supergravity solutions as
holographic duals for the +N,M,k,j theories. The restriction α1 < α2, which ensures that
the branch cuts do not intersect in the supergravity solution, translates to N
j
+ N
k
< M .
This is the assumption used to derive the quiver (4.17). Supergravity solutions for
smaller values of M can be constructed by first rotating the branch cuts in the brane
intersection in fig. 6(a) and then identifying the corresponding two-pole solution.
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